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We present aurate time-dependent ab initio alulations on fully dierential and total inte-
grated (generalized) ross setions for the nonsequential two-photon double ionization of helium
at photon energies from 40 to 54 eV . Our omputational method is based on the solution of the
time-dependent Shrödinger equation and subsequent projetion of the wave funtion onto Coulomb
waves. We ompare our results with other reent alulations and disuss the emerging similarities
and dierenes. We investigate the role of eletroni orrelation in the representation of the two-
eletron ontinuum states, whih are used to extrat the ionization yields from the fully orrelated
nal wave funtion. In addition, we study the inuene of the pulse length and shape on the ross
setions in time-dependent alulations and address onvergene issues.
PACS numbers: 32.80.Rm, 32.80.Fb, 42.50.Hz
I. INTRODUCTION
Double ionization of helium has long been of great in-
terest in atomi physis sine it provides fundamental
insights into the role of eletroni orrelation in the full
three-body Coulomb break-up proess. Understanding
the dynamis in this simple, two-eletron system is ru-
ial to understanding more omplex atoms and even sim-
ple moleules [116℄. With the advent of intense light
soures in the vuv and xuv region [1723℄, the fous of
interest has swithed from one-photon to multi-photon
proesses. Speially, two-photon double ionization has
been the subjet of intense theoretial studies. Several
authors [2433℄ have alulated generalized ross setions
for the nonsequential two-photon ionization proess in
the energy range from 40 to 54 eV using a wide variety
of omputational methods. Despite onsiderable eorts,
quantitative agreement between the dierent alulations
has not yet been reahed. The reasons for the remain-
ing disrepanies are the subjet of ongoing disussions.
In partiular, there have been speulations that the rep-
resentation of the double ontinuum might be responsi-
ble for the existing dierenes. Nevertheless, even for
methods whih take orrelation into aount in the -
nal states, the ross setions obtained still disagree, and
a systemati hange in the results due to the improved
treatment of eletroni orrelation has not yet been ob-
served. Reently, experimental data has beome avail-
able as well. Hasegawa, Nabekawa et al. [34, 35℄ used the
27th harmoni at 41.8 eV of a femtoseond pulse from a
Ti:sapphire laser, and Sorokin et al. [36℄ performed their
experiment at the FLASH free-eletron laser in Hamburg
at 42.8 eV. While this is a good beginning, the uner-
tainties in the data are too large to help in resolving
∗
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dierenes in the theoretial alulations. With the ur-
rent rapid progress in intense xuv soures, further exper-
iments that over larger energy ranges an be expeted
in the future whih might help to larify the situation.
Calulations for two-photon ionization employ either
a time-independent (TI) or a time-dependent (TD) ap-
proah. TI methods involve either lowest-order pertur-
bation theory (LOPT) or R-matrix Floquet theory. TD
methods are based on a diret solution of the time-
dependent Shrödinger equation and are therefore not
restrited to any given order of the perturbation. Thus,
they an be applied equally well to the strong eld
regime. In the present ase of moderate intensities of the
xuv eld (∼ 1012W/m2), orretions to LOPT are ex-
peted to be small. The deisive advantage of TD meth-
ods omes here from a dierent aspet. Namely, TI al-
ulations of proesses involving orrelated two-eletron
nal states in the ontinuum, Ψk1,k2(r1, r2), require the
knowledge of the nal state in the entire onguration
spae in order to alulate the transition amplitude
ti→k1,k2 = 〈Ψk1,k2 |U
(N)|Ψi〉 , (1)
where U (N) is the transition operator for an N -photon
proess (N = 2 in the following). As the numerial or
analytial determination of aurate orrelated ontin-
uum nal states remains a hallenge, evaluation of Eq. 1
involves, inevitably, additional approximations that are
diult to ontrol. Adding the time as an additional de-
gree of freedom to the six spatial dimensions of the two-
eletron problem allows one to bypass the determination
of Ψk1,k2 . Propagating the wave paket for suiently
long times enables the extration of the relevant dynami-
al information entirely from the asymptoti region where
eletron orrelations beome negligible. Moreover, resid-
ual errors an be ontrolled by systematially varying
the propagation time. This advantage omes along with
a distint disadvantage: Results will, in general, depend
on the time-struture imposed on the external perturba-
2tion, speially on the duration and temporal shape of
the xuv pulse. A omparison with TI alulations on the
level of (generalized) ross setions therefore requires a
areful extration of information and heks of the inde-
pendene from pulse parameters.
In our theoretial approah, we solve the time-
dependent Shrödinger equation (TDSE) using the time-
dependent lose-oupling (TDCC) sheme, f. [2426,
37℄. For the spatial disretization, we employ a nite
element disrete variable representation (FEDVR), and
the temporal propagation is performed by means of the
short iterative Lanzos (SIL) proedure with adaptive
time-step ontrol. We present detailed onvergene tests
as a funtion of pulse duration, pulse shape, duration
of propagation, gauge, spatial grid struture, and partial
wave deomposition. For two-photon double ionization
in the photon energy range 40 to 50 eV, we reah an a-
uray on the 2% level. Our present results are ompared
with available experimental and theoretial data. Atomi
units are used unless indiated otherwise.
II. METHOD OF PROPAGATION
The interation of a helium atom (with innite nulear
mass) with linearly polarized light is desribed by the
Hamiltonian
Hˆ =
pˆ21
2
+
pˆ22
2
−
2
rˆ1
−
2
rˆ2
+
1
|ˆr1 − rˆ2|
+ Hˆl,v
em
, (2)
where the interation with the eletromagneti eld in
the dipole approximation is either given in length gauge
by
Hˆl
em
= E(t)(zˆ1 + zˆ2) (3)
or in veloity gauge by
Hˆv
em
=
A(t)
c
(pˆz,1 + pˆz,2) +
A2(t)
c2
. (4)
If the exat solution were available, the two gauges would
be stritly equivalent. Within approximate solutions,
however, disrepanies may arise. The degree of gauge
dependene an therefore be exploited as a measure for
the onvergene of the numerial solution toward the ex-
at solution.
A. Time-dependent lose-oupling
In order to solve the time-dependent Shrödinger equa-
tion
i
∂
∂t
Ψ(r1, r2, t) = HˆΨ(r1, r2, t) , (5)
we expand the six-dimensional wave funtion Ψ(r1, r2) in
oupled spherial harmonis
Ψ(r1, r2, t) =
∞∑
L,M
∞∑
l1,l2
RLMl1,l2(r1, r2, t)
r1r2
YLMl1,l2(Ω1,Ω2) (6)
with
YLMl1,l2(Ω1,Ω2) =∑
m1,m2
〈l1m1l2m2|l1l2LM〉Y
(l1)
m1
(Ω1)Y
(l2)
m2
(Ω2) . (7)
Substitution of Eq. 6 into Eq. 5 yields a system of ou-
pled partial dierential equations in (r1, r2, t) , the TDCC
equations [37℄
∞∑
L,M
∞∑
l1,l2
〈l′1l
′
2L
′M ′|Hˆ|l1l2LM〉
RLMl1,l2(r1, r2, t)
r1r2
=
i
∂
∂t
RL
′M ′
l′
1
,l′
2
(r1, r2, t)
r1r2
, (8)
where in pratie the sums have to be trunated at er-
tain maximum angular momenta (Lmax, l1,max, l2,max) .
We restrit ourselves to partial waves with totalM = 0
sine M is onserved for linearly polarized laser elds.
The helium singlet (S = 0) ground state is spae-
symmetri. As the spin quantum number S is on-
served in the dipole approximation, the wave fun-
tion is spae-symmetri for all times, implying that
RLl2,l1(r2, r1, t) = R
L
l1,l2
(r1, r2, t) . As a onsequene, the
funtions RLl1,l2(r1, r2, t) need not be stored for l2 > l1.
Together with the parity seletion rules, whih only allow
ertain ombinations (L, l1, l2), this greatly redues the
numerial eort for solving the lose-oupling equations.
B. Spatial disretization
For the disretization of the radial funtions
RLl1,l2(r1, r2, t), we employ a nite element disrete vari-
able representation (FEDVR) [3841℄. We divide the ra-
dial oordinates into nite elements in eah of whih the
funtions RLl1,l2 are represented in a loal DVR basis with
a orresponding Gauss-Lobatto quadrature to ensure the
ontinuity of the wave funtion at the element bound-
aries. This method leads to sparse matrix representations
of the dierential operators and to a diagonal potential
matrix (within quadrature auray). Additionally, the
boundary ondition at r1 = r2 = 0 an be easily fullled
by omitting the rst basis funtion in the rst nite el-
ement. The derivative disontinuity in the partial wave
expansion of the eletron-eletron interation at r1 = r2,
on the other hand, demands speial treatment to guar-
antee an aurate representation of the Hamiltonian in
the FEDVR basis [42, 43℄.
C. Temporal propagation
For the temporal propagation of the solution of the
oupled equations (8), we employ the short iterative
Lanzos (SIL) method [4446℄ with adaptive time-step
3ontrol. The initial He ground state is obtained by re-
laxing an arbitrary test funtion in imaginary time. In
the SIL method, sometimes also referred to as Arnoldi-
Lanzos algorithm, the time evolution operator
Uˆ(t, t+∆t) ≃ exp
[
−iHˆ(t)∆t
]
(9)
is represented by an N × N matrix Uˆ(N) in an N -
dimensional Krylov subspae whih is formally generated
by repeated ation of Hˆ on an initial state Ψ(t) and sub-
sequent Gram-Shmidt orthogonalization.
The Lanzos algorithm is very eetive beause the
matrix Hˆ(N) is tridiagonal and an be diretly obtained
by use of a three-term reursion relation involving mainly
matrix-vetor and salar produts. The sparse struture
of the kineti energy matries due to the division of o-
ordinate spae into nite elements enables eient par-
allelization. In our alulations, whih have primarily
employed omputers based on luster arhitetures, we
have observed linear saling of the omputational speed
up to 450 proessors. This gives us the possibility to
employ pulses with omparably long durations (up to a
few femtoseonds) in our simulations. In addition, exten-
sive numerial onvergene tests an be performed within
reasonable time (f. setion IIID).
The SIL method also allows for a onvenient error
ontrol sine for a given subspae order N the dif-
ferene of the propagated wave funtion Ψ(N)(t + ∆t)
to the lower-order approximation Ψ(N−1)(t + ∆t) an
be alulated with only little extra eort and may
be used as a tolerane parameter during propagation.
In our implementation, we use a Krylov subspae of
xed order (with N = 12 for all alulations pre-
sented in this work) and an adaptive time step so
that
∥∥Ψ(N)(t+∆t)−Ψ(N−1)(t+∆t)∥∥2 is smaller than
a given tolerane parameter (typially in the order of
10−20). Hene, we ahieve a high-order approximation of
the exponential funtion (Eq. 9), and the temporal prop-
agation is expliitly unitary and unonditionally stable.
In addition, high auray is guaranteed due to the au-
tomati adjustment of the time step.
III. EXTRACTING DYNAMICAL
INFORMATION
Subsequent to the time propagation, the information
on exitation and ionization probabilities and on dier-
ential and total ross setions must be extrated from
the wave paket that is represented on a grid in a nite
domain in oordinate spae. This is a non-trivial task as
straightforward projetion is, for all pratial purposes,
preluded. Ideally, one would projet onto asymptoti
eigenstates of He, inluding its single and double ioniza-
tion ontinua. As no losed solutions for the double on-
tinuum are available, this is not diretly possible. Numer-
ial diagonalization of the Hamiltonian is not feasible ei-
ther. First, the basis is too large to allow diagonalization.
Seond, the inlusion of the orret asymptoti boundary
onditions in a numerial solution is highly non-trivial
and omputationally expensive. In addition, avoiding
the onstrution of these eigenstates is one of the sig-
niant advantages of the TD approah. We irumvent
the need for projetion onto exat eigenstates by exploit-
ing the fat that we an propagate the wave paket for
long times after the onlusion of the pulse. Thereafter,
the three-body Coulomb system (nuleus and two ele-
trons) has reahed (near asymptotially) large distanes
suh that projetion onto approximate energy eigenstates
is possible without signiant error.
The states we eventually use to represent this ontin-
uum are eigenstates of the He Hamiltonian without the
eletron-eletron interation Hˆ12 = |ˆr1 − rˆ2|
−1
, i.e., prod-
uts of two Coulomb waves with Z = 2. This amounts
to assuming that the eletrons are far enough apart that
their inuene on eah other an be negleted. By the
same token, produts of plane waves would be equally
appliable when the eletrons are far from the nuleus
and its Coulomb potential ould therefore be negleted.
The advantage of using Coulomb waves is that orthogo-
nality to bound states is built in. As the singly ionized
part of the wave funtion an to a very good approxima-
tion be written as the produt of an unperturbed bound
state of He
+
and a Coulomb wave (with eetive harge
Z = 1), the projetion onto produts of Coulomb waves is
automatially orthogonal to the singly ionized part and
no additional sreening of the wave funtion has to be
performed. Negleting the eletron-eletron interation,
whih is purely repulsive, introdues a small energy shift
in the spetrum that dereases as the distane between
the eletrons inreases. This eet an be ontrolled by
varying the time of projetion.
We obtain the energy-spae wave funtion by projet-
ing the spatial wave funtion onto produts of energy-
normalized Coulomb waves φE,l, i.e.,
PLl1,l2(E1, E2) = 〈φE1,l1φE2,l2 |R
L
l1,l2
〉. (10)
Swithing from the angular momentum representa-
tion (L, l1, l2) to the representation in angular vari-
ables (Ω1,Ω2), the six-dimensional (eetively, ve-
dimensional) distribution an be written as [26, 47℄
PDC(E1, E2,Ω1,Ω2) =∣∣∣∣∣∣
∑
L,l1,l2
e−i
pi
2
(l1+l2)+i(σl1+σl2 )YL0l1,l2(Ω1,Ω2)P
L
l1,l2
(E1, E2)
∣∣∣∣∣∣
2
,
(11)
where σl = arg Γ(1+l+iη) are the Coulomb phases. From
Eq. 11, redued probability distributions an be deter-
mined by integrating over unobserved degrees of freedom.
For example, integrating over the solid angles (Ω1,Ω2)
gives the energy distribution (E1, E2) of the eletron pair
(Fig. 1).
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FIG. 1: Energy distribution after two-photon double ioniza-
tion from two dierent laser pulses with a mean energy of
〈ω〉 = 42 eV. The pulse (a) has a sin2 envelope of total du-
ration 4 fs (∼40 yles). The distribution is entered around
the line 2〈ω〉 − I1 − I2 = E1 + E2 ≈ 5 eV, with a FWHM of
about 1.5 eV due to the nite duration of the pulse. The pulse
(b) is a ten-yle (∼1 fs) sin2 pulse.
A. Total ross setions
Integrating Eq. 11 over all variables inluding E1 and
E2 gives, up to prefators, the total double ionization
ross setion. The dependene on the primary photon
energy is only impliit through the eletromagneti pulse
entering the propagation. Within a time-dependent al-
ulation, the resulting double ionization (DI) probabil-
ity depends on the spetral distribution, i.e., the shape
and duration of the laser pulse, while the fundamental
quantity of interest, the DI ross setion (DICS) at xed
frequeny of the ionizing radiation does not. Extration
of the DICS therefore requires speial are.
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FIG. 2: (a) Fourier spetra of 4 fs and 1 fs sin2 laser elds with
a mean energy of 42 eV. (b) Double ionization probability vs.
total energy Etot = E1 +E2 (i.e., the integral over lines with
Etot = E1 + E2 from Fig. 1). For the long pulse, the double
ionization probability diretly reets the Fourier spetrum.
For the shorter pulse the eletron energy distribution is in-
uened by the energy-dependene of the ross setion (f.
Fig. 8).
For one-photon ionization, a straightforward relation-
ship exists between the energy-dependent ionization yield
and the ross setion. From a single pulse alulation, one
an thus obtain the ross setion for all energies ontained
within the pulse [27, 48℄. This is not possible without ad-
ditional approximations for two-photon or multi-photon
ionization, sine the relation between ross setion and
yield ontains an integral over intermediate energies. For
the evaluation of this integral, the intermediate states
and energies would have to be expliitly available. In
the urrent approah, this is not easily possible without
losing the key advantage of the time-dependent method
of not having to onstrut intermediate or nal states
expliitly.
The alternative is to use a suiently long pulse with
narrow spetral width and alulate the ross setion
from the total yield with the approximation that it is
onstant over the width of the pulse. For this approxi-
mation to be valid, the spetral width of the pulse must
be smaller than the energy width over whih the ross
setion signiantly hanges. We an hek the onver-
gene by varying the pulse length. Figs. 1 and 2 illus-
trate this for both the joint two-eletron energy distribu-
tion PDC(E1, E2) (Fig. 1) and the integral (Fig. 2) along
lines of onstant total energy E1 + E2 in Fig. 1 for two
dierent pulses: a pulse with a duration of T = 4 fs on-
taining about 40 optial yles and one with T = 1 fs
ontaining about ten optial yles. While the 4 fs pulse
is suient to resolve the ross setion a few eV above
the threshold, the shorter pulse (frequently employed, see
5refs. [2527, 30℄) results in averaging over the threshold
region.
Another requirement is that the pulse has to be weak
enough suh that lowest-order perturbation is appliable,
and the ground state depletion an be negleted. We
therefore hoose a peak intensity of I0 = 10
12
W/m2.
Variation between 1011W/m2 and 1013W/m2 results
in deviations for the total ross setion at 42 eV of
less than 0.3%. For an intensity of 1013W/m2, the
two-photon yield is a fator of 104 higher than with
1011W/m2.
Another test for the appliability of perturbation the-
ory is the linear saling of the yield with the total dura-
tion T of the pulse. This means that the transition rate
must be proportional to Φ(t)N , where Φ(t) = I(t)/ω is
the photon ux and N is the minimum number of pho-
tons required for the proess to take plae. The double
ionization yield is then given by
PDI
nonseq
=
∞∫
−∞
dt σNΦ(t)
N , (12)
where σN is the total generalized N -photon ross setion
for double ionization of He. Aordingly, the ross setion
is given by
σN ≈
(
ω
I0
)N
1
Teff ,N
×
×
∫∫∫∫
dE1dE2dΩ1dΩ2P
DC(E1, E2,Ω1,Ω2) , (13)
where the eetive time Teff ,N for an N -photon proess
is dened as
Teff ,N =
∞∫
−∞
dt
(
I(t)
I0
)N
. (14)
For a sin2 pulse envelope and a two-photon proess, Teff ,2
is found to be 35T/128 [25, 27, 30℄. Equation 13 is valid
for diret, i.e., nonsequential, double ionization when no
on-shell intermediate state is involved.
B. Dierential ross setions
The triply dierential ross setion (TDCS) for emit-
ting one eletron with energy E1 into the solid angle Ω1,
while the seond one is emitted into Ω2, follows from
Eq. 13 as
dσN
dE1dΩ1dΩ2
=
(
ω
I0
)N
1
Teff ,N
∫
dE2P (E1, E2,Ω1,Ω2) .
(15)
The TDCS presented in this paper are all alulated in
oplanar geometry, i.e., φ1 = φ2 = 0
◦
. In the limit of an
innitely long laser pulse with well-dened energy (i.e.,
a delta-like spetrum), Eq. 15 beomes equivalent to
dσN
dE1dΩ1dΩ2
=
(
ω
I0
)N
1
Teff ,N
P (E1, Nω − E1,Ω1,Ω2) ,
(16)
as alulated in time-independent approahes. Unlike the
joint two-eletron energy distribution, the TDCS as al-
ulated by Eq. 15 is, within reasonable limits, insensitive
to the pulse shape used in the time-dependent approah
sine the Fourier width of the pulse is aounted for by
the integration over the energy of the seond eletron.
Instead of speifying one of the energies and integrating
over the other, it is also possible to speify energy (or
momentum) sharing. For that purpose, we transform
from the usual oordinates (E1, E2) to (Etot, α), with
Etot = E1+E2 and tan(α) = E1/E2. For a xed value of
α, the integration is performed over the total energy Etot,
in other words, along straight lines through the origin in
Fig. 1. This results in the TDCS at xed energy sharing
(the frequently investigated ase of equal energy sharing
orresponds to α = pi/2).
C. Inuene of nal-state orrelations
Sine the extration of double ionization observables
eventually proeeds by projetion onto unorrelated
Coulomb nal states, ontrolling and monitoring the ef-
fet of residual eletron-eletron orrelations on the ross
setion beomes important. The key point is that ele-
troni orrelations are fully inluded in the initial state
and in the time propagation and therefore in the wave
paket at the point of projetion. We monitor the resid-
ual error by further propagating the wave funtion after
the onlusion of the laser pulse (i.e., letting the eletrons
move further apart) and varying the time of projetion.
If the nal state were an eigenstate of the full Hamil-
tonian, the results would not depend on how long the
projetion is delayed. The residual dependene on the
time of projetion is thus a diret measure of the error
introdued by the neglet of nal-state orrelation during
projetion. As that time is extended, this error should
beome negligible. The maximum time one an wait is
limited in pratie by the box size, as the ionized wave
paket will hit the box boundaries at some point and be
reeted. To test for onvergene we performed one al-
ulation with a box size of 800 a.u., using the same 4 fs
sin2 laser pulse at 42 eV as in Fig. 1a, and let the wave
funtion propagate for an additional 21 fs after the end
of the pulse. The doubly ionized part is still ompletely
ontained in the box after this time.
Figure 3 displays the onvergene of the total ross se-
tion as a funtion of the eld-free propagation time τ . De-
laying the projetion from τ = 1 fs to τ = 21 fs hanges
the total ross setion by less than 2%. Extrapolating to
innite time (and therefore to an innite separation of
the two eletrons, Fig. 3b) hanges the ross setion by
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FIG. 3: Convergene of the total ross setion with propa-
gation time τ . The ross setion is alulated at dierent
times τ after the 4 fs sin2 pulse from Fig. 1, with intensity
1012W/m2 (angular momentum expansion with Lmax = 3
and l1,max = l2,max = 7). Plot (a) shows that while there is
some notieable hange for short times, the results are stable
at later times and seem to onverge to a limiting value. This
is onrmed in the inset (b), whih shows the same data vs.
1/τ . Extrapolation to 1/τ → 0 using a quadrati t shows a
limiting value of 0.4595, only slightly higher than the result
obtained at τ = 21 fs. Plot () shows the temporal evolution
of the ratio of the expetation values of the eletron-eletron
interation energy 〈Hˆ12〉 = 〈|ˆr1 − rˆ2|
−1〉 and the total energy
〈Hˆ〉.
less than 0.2%. This gives an estimate of the error due
to projetion of that order of magnitude. Furthermore,
the eletron-eletron interation energy is responsible for
less than 1% of the total energy of the wave paket at
τ = 21 fs (Fig. 3). The dierential ross setions show
the same qualitative onvergene behavior with time as
the total ross setion.
This shows that projeting onto produts of Coulomb
waves is not a serious limitation. In other words, when
the eletrons have had time to move apart, their in-
teration an be negleted when projeting onto nal
states. For higher eletron energies than in this test ase
(∼ 2.5 eV), the error is expeted to be even smaller and
the onvergene faster.
Due to the fat that the oordinate spae representa-
tion of the fully orrelated wave paket is available at
the time of projetion, an alternative, semi-quantitative
hek and error estimate for double ionization exists.
From the visual inspetion of snapshots of the joint radial
distribution at dierent times (Fig. 4), nal states rep-
resenting double ionization an be separated from those
representing single ionization. While the singly ionized
part of the wave funtion moves parallel to the ri axes,
the doubly ionized parts of the wave funtion have pos-
itive momentum for both eletrons so that they move
away from both axes. With inreasing time, the spa-
tial overlap between singly and doubly ionized states de-
reases, and the two ontributions an be identied visu-
ally. An estimate for an upper bound for the total double
ionization ross setion an thus be found by just inte-
grating the radial density over the area that the doubly
ionized wave paket oupies (r1, r2 > 70 a.u. in Fig. 4d).
This integral, whih still ontains a small portion of single
ionization aompanied by exitation to Rydberg states,
gives an upper bound for the total double ionization ross
setion. In the present ase (Fig. 4), the extrated es-
timate is about 25% higher than the value determined
by projetion. This disrepany is predominantly aused
by the existene of high-lying Rydberg states whih also
have ontributions at large values of r.
One ould expet that the hoie of the nal state is
even more important when alulating dierential ross
setions beause less degrees of freedom are integrated
over. Speially, the triply dierential ross setion
(TDCS) depends on the partial-wave phase shifts, whih
may not have fully onverged at the time of projetion. In
order to monitor possible errors in the angular distribu-
tion, we have also extrated the TDCS by a omplemen-
tary method employing the oordinate representation of
the two-eletron wave paket at large propagation time,
bypassing projetion. As we are interested in the TDCS
at equal energy sharing, we take only that part of the
wave paket with r1 = r2, the part where both eletrons
have moved out to the same distane from the nuleus
in the same time. This is what a (mirosopi) time-of-
ight detetor would identify as equal-energy eletrons.
We then diretly determine the angular distribution for
this part of the wave funtion
dσWP(E1 = E2)
dE1dΩ1dΩ2
∝
∫
dr |Ψ(r, r,Ω1,Ω2)|
2 . (17)
This estimate for the TDCS, referred to in the following
as the wave paket (WP) method, is ompared with the
projetion onto Coulomb waves (Eq. 15) in Fig. 5. The
exellent agreement we nd attests to the fat that resid-
ual errors due to nal-state orrelations at the point of
projetion are, indeed, negligible. Even when projet-
ing onto plane waves (not shown), we have found that
the TDCS at equal energy sharing almost exatly agrees
with the result obtained from projetion onto Coulomb
waves (up to a global saling fator of about 1.1). This
suggests that the Coulomb potential of the ioni ore an
also be negleted in the asymptoti region when only the
dierential behavior is of interest. The neglet of the
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FIG. 4: Radial wave funtion density for Fig. 3, at τ = 2 fs (a), τ = 8 fs (b), τ = 14 fs (), and τ = 20 fs (d) after the end of
the pulse. For the wave funtion at 20 fs, the doubly ionized part of the wave funtion is ompletely ontained in the box with
r1, r2 > 70 a.u. . By integrating the probability density over this region, an upper bound for the double ionization yield an
be established. The gray lines indiate the border between singly and doubly ionized parts by visual inspetion. The lighter
gray line at r1, r2 = 40 a.u. is the apparent border at τ = 8 fs, while the darker gray line at r1, r2 = 70 a.u. is suggested by the
distribution at τ = 20 fs. The density loated between the two borders ontains singly ionized parts that would by mistake be
identied as being doubly ionized at τ = 8 fs due to the lak of spatial separation.
eletron-eletron interation is expeted to be even less
important.
In addition, Fig. 5 shows the angularly resolved value
of the eletron-eletron interation energy. For this, the
radial distane of both eletrons was taken as r1,2 =
150 a.u., whih orresponds to the position of the doubly
ionized wave paket at the point of projetion. Clearly,
the eletrons only move into diretions where their inter-
ation energy is negligible ompared to the total energy
of the doubly ionized wave paket. This also supports
the nding that the eletron interation an be negleted
when doing the projetion at late times.
The good agreement between the dierent methods
used to extrat total and dierential ross setions an
be understood by the following argument: The full wave
funtion ontains the eletron orrelation regardless of
whih basis it is expressed in. The only ambiguity ex-
ists in identifying whih parts of the wave paket at time
t = τ will asymptotially orrespond to the situation of
interest (i.e., double ionization in our ase). If τ is ho-
sen large enough, the eletrons have separated in spae
and their interation energy is low (f. Fig. 3). This im-
plies that the eletrons will neither signiantly deet
eah other nor exhange energy at later times. Therefore,
both the angular and the energy distribution are stable,
and the momenta of the eletrons at time t = τ orre-
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FIG. 5: Comparison of dierent methods for extrating the triply dierential ross setions (TDCS) at 42 eV photon energy,
with a 4 fs sin2 laser pulse. The data for Coulomb projetion are obtained from Eq. 15 (at E1 = 2.5 eV) while the results
labeled wave paket (WP) were obtained without transforming to momentum spae (Eq. 17). The angularly resolved value
of the eletron-eletron interation energy at the position of the wave paket (r1,2 ≈ 150 a.u.) is also shown in omparison to
the total energy of the doubly ionized wave paket (∼ 5 eV). The vertial gray line shows the ejetion angle θ1 of the rst
eletron. The angular momentum expansion used values of Lmax = 4 and l1,max = l2,max = 9. The radial box had an extension
of 400 a.u., with FEDVR elements of 4 a.u. and order 11.
spond to the asymptoti momenta for t→∞. Similarly,
hannels where one of the eletrons did not gain enough
energy to esape the Coulomb potential of the nuleus by
the time t = τ orrespond to singly ionized nal states, as
the eletron interation does not provide enough energy
to hange this situation at later times.
D. Numerial onvergene tests
In order to ensure the reliability of the alulated ross
setions, we have performed extensive numerial testing
and have found our results to be very well onverged.
The onvergene issues addressed are (i) the radial dis-
retization, (ii) the temporal propagation, and (iii) the
angular momentum expansion.
Convergene with respet to the radial grid (i) is easy
to ahieve within the FEDVR approah. All results
shown were obtained with nite elements of 4 a.u. ex-
tension and of order 11. Results with order 13 for el-
ements of 4 a.u. were virtually idential (within 0.02%
for the total ross setions). Convergene of the time
propagation (ii) using our SIL method is equally unrit-
ial. Even when relaxing the onvergene riterion used
for time propagation by two orders of magnitude, the
results do not hange pereptibly from those presented
here. In addition, we also heked that our results do not
depend on the gauge used in Eq. 2. The hange in the
total ross setion when swithing from veloity gauge to
length gauge is only 0.01%.
The nal question regarding onvergene onerns the
trunation of the angular momentum expansion Eq. 6.
As the total angular momentum L is onserved for the
eld-free Hamiltonian (beause of spherial symmetry),
the expansion does not require muh higher values for
Lmax than the minimum number of photons absorbed by
the system. We have indeed found that there was no no-
tieable dierene in any of the results between Lmax = 3
or Lmax = 4. Numerially, this is espeially true when
using veloity gauge. At the low intensities used here, the
result is well onverged with Lmax = 3 even when employ-
ing length gauge. The onvergene with respet to single
partile angular momenta (l1, l2), whih are mixed by the
eletron-eletron interation, is muh more ritial. The
size of the expansion in (l1, l2) strongly inuenes the a-
uray of the angular distribution of the eletrons and
the degree of angular orrelation.
While the total ross setion, where all angles are in-
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FIG. 6: Convergene of the total ross setion with size of
angular momentum expansion. The total ross setion is on-
verged to within the auray of the method even for the
smallest expansion in angular momenta. The dierenes in
the result due to dierent angular basis sizes are muh smaller
than those observed when performing the projetion at dif-
ferent times after the end of the pulse (Fig. 3) (4 fs sin2 pulse
at 42 eV as in Fig. 1)
.
tegrated over, shows almost no dependene on the size
of the angular momentum expansion, with variations of
less than 0.3% when (l1,max, l2,max) is inreased from
(3, 3) to (9, 9) (Fig. 6), a dierent piture emerges when
the two-eletron angular distribution is onsidered. The
TDCS shows a strong dependene on the number of in-
luded partial waves. For the present ase, onvergene
is reahed when single eletron angular momenta up to
l1,max = l2,max = 7 are inluded (see Fig. 7 below). Es-
peially the TDCS at θ1 = 90
◦
(where the ross setion
is very small) is very sensitive to the size of the partial
wave expansion.
IV. RESULTS
In Fig. 8, we ompare the present results for the total
ross setion with various published data. The alula-
tions were performed with a box size of 240 a.u., with
FEDVR elements that span 4 a.u. and ontain 11 ba-
sis funtions. The maximum angular momentum val-
ues are Lmax = 3 for the total angular momentum and
l1,max = l2,max = 7 for the individual angular momenta.
The laser pulse envelope had a sin2 shape, dened by
f(t) =
{
sin2
(
pi
T
t
)
0 < t < T
0 otherwise
, (18)
with a total duration of T = 4 fs and a peak intensity of
I0 = 10
12
W/m2. The ionization yields were extrated
1 fs after the pulse. Following the results of setion III C
the projetion error should not be larger than 2%.
We ompare our results with data from both time-
dependent and time-independent approahes. Laulan
and Bahau [25℄ solved the TDSE by means of a B-
spline method and an expliit Runge-Kutta propaga-
tion sheme. The double ionization probability was ob-
tained by projeting onto unorrelated Coulomb fun-
tions. They also inluded rst-order orretion terms in
the representation of the double ontinuum (thus partly
taking into aount radial orrelations). However, they
found little dierene with respet to the unorrelated
funtions. Hu, Colgan, and Collins [26℄ solved the time-
dependent lose-oupling equations using nite-dierene
tehniques for the spatial disretization and the real-
spae produt formula as well as a leapfrog algorithm
for temporal propagation. The double ionization prob-
ability was also extrated by projetion onto unorre-
lated Coulomb waves. Foumouo et al. [27℄ employed a
spetral method of onguration interation type (involv-
ing Coulomb-Sturmian funtions) and an expliit Runge-
Kutta time propagation to solve the TDSE. The double
ontinuum was generated with the J-matrix method that
should ontain angular and radial orrelations to the full
extent. In addition, they also performed alulations us-
ing an unorrelated representation of the two-eletron
ontinuum. The more reent results from Ivanov and
Kheifets [29℄ are based on the time-dependent onver-
gent lose-oupling (CCC) method, taking into aount
orrelations in the nal state to some degree. Nikolopou-
los and Lambropoulos [30℄ solved the TDSE using an
expansion in orrelated multihannel wave funtions.
Within the time-independent methods, Nikolopou-
los and Lambropoulos [31℄ applied lowest-order non-
vanishing perturbation theory (LOPT) to determine the
generalized ross setions. Feng and van der Hart [32℄
employed R-matrix Floquet theory in ombination with
B-splines basis sets. The data from Horner et al. [33℄
also result from LOPT alulations. They solved the
Dalgarno-Lewis equations for two-photon absorption in
LOPT employing exterior omplex saling (ECS) and
also aount for orrelation in initial, intermediate, and
nal states.
Overall, our results are in reasonable agreement with
those of [2527, 32, 33℄ while sizable disrepanies exist
in omparison with those of [30, 31℄ as well as those of
[27℄ in whih orretions due to nal-state orrelations
are inluded. Clearly, the degree of onvergene of the
present results on the few perent level as well as the up-
per bound extrated from the radial wave paket analysis
prelude any hange of ross setion by a fator of 5−10,
whih would be neessary to obtain values of the same
magnitude as [27, 30, 31℄.
The experimental values of Hasegawa, Nabekawa et al.
[34, 35℄ at 41.8 eV and of Sorokin et al. [36℄ at 42.8 eV (f.
Fig. 8) are ompatible with most of the theoretial data.
Due to the experimental unertainties (e.g. the harmoni
intensity in [34, 35℄ or the assumptions on the pulse shape
and fousing onditions in [36℄), the urrently available
data are not suient to strongly support or rule out any
of the theoretial results.
The present results show a more pronouned variation
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FIG. 7: Convergene of the triply dierential ross setion (TDCS) with the size of the angular momentum expansion. The
labels speify the maximum values (Lmax, l1,max, l2,max) used in the angular momentum expansion. The vertial gray line shows
the ejetion angle θ1 of the rst eletron. The TDCS onverges only for relatively large values in the angular momentum
expansion (4 fs sin2 pulse at 42 eV as in Fig. 1).
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FIG. 8: Comparison of the total two-photon double ionization (TPDI) ross setions, obtained from Eq. 13, with Teff = 35T/128.
In (a), the laser pulses had a sin2 shape with a total duration of 4 fs and a peak intensity of 1012W/m2. For the results of
Foumouo et al. [27℄, (NC) labels the results obtained by projeting onto unorrelated Coulomb waves, while (FC) labels the
results obtained using the J-matrix method. (b) shows the omparison using ten-yle (∼1 fs) pulses to other time-dependent
approahes using the same pulses. Note that the results of Hu et al. [26℄ were resaled by a fator of 128/70 in order to
inlude the orret Teff . For both (a) and (b), the angular momenta were allowed to go up to Lmax = 3 for the total angular
momentum, and l1,max = l2,max = 7 for the single eletron angular momenta. The radial box had an extension of 240 a.u., with
FEDVR elements of 4 a.u. and order 11.
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FIG. 9: Total two-photon double ionization (TPDI) ross se-
tions obtained using dierent pulse shapes. The duration
of the Gaussian and at-top pulse was hosen suh that the
FWHM of the spetral distribution was idential to the one
for the 4 fs sin2 pulse (∼1.5 eV). The spetral FWHM of the
ten-yle (∼1 fs) pulse is about four times larger, i.e., ∼6 eV.
All other parameters were the same as for Fig. 8.
with photon energy than other results obtained by di-
ret integration of the time-dependent Shrödinger equa-
tion. This an be easily explained by the fat that most
previous work employed ten-yle pulses. At photon en-
ergies of 42-54 eV, this orresponds to about 1 fs total
duration, and onsequently, a spetral width (FWHM)
of about 6 eV (for sin2 pulses). The results are there-
fore an average over a rather large energy window. In
ontrast, we use pulses of 4 fs duration with a narrower
spetrum (FWHM ∼ 1.5 eV). To failitate the ompari-
son with previous alulations we have also performed a
alulation for a ten-yle pulse (Fig. 8b) for whih we
nd indeed better agreement. The pulse duration depen-
dene beomes, in partiular, ritial near the threshold
for sequential ionization at 54.4 eV.
For nonsequential proesses, the yield is diretly pro-
portional to the duration of the pulse, so that the ross
setion an be dened as the proportionality fator be-
tween the double ionization rate and the photon ux ΦN ,
where N is the number of photons for the diret proess.
On the other hand, the (two-photon) sequential ioniza-
tion yield an be written as
PDI
seq
=
∞∫
−∞
dt σ1Φ(t)
∞∫
t
dt′σ2Φ(t
′) , (19)
where σ1 is the one-photon ross setion for single ion-
ization of He, and σ2 is the one-photon ross setion for
ionization of the He
+
ion. Using the symmetry of the
integrand yields
PDI
seq
= σ1σ2
1
2


∞∫
−∞
dtΦ(t)


2
=
σ1σ2I
2
0
2ω2
(Teff ,1)
2 , (20)
whih is proportional to the square of the total pulse du-
ration T . Proeeding along the same lines as for Eq. 13
by dividing the yield PDI
seq
by the pulse duration results
in an apparent ross setion that inreases linearly with
the pulse length, ontraditing the notion of a pulse shape
and duration independent quantity. This is not surpris-
ing sine for a two step proess via on-shell intermediate
states, a quadrati dependene on Teff (Eq. 20) is to be
expeted. If one extends the nonsequential ross setion
denition (Eq. 13) into the threshold region for the se-
quential proess, one expets a sudden rise whose height
should be proportional to Teff and whose width is de-
termined by the spetral broadening of the pulse. With
the pulses we used, the spetral width of 1.5 eV is small
enough to observe the onset of this step disontinuity. In
order to fully resolve the threshold behavior in a time-
dependent alulation, even longer pulses with smaller
bandwidth would be neessary.
The region near the step disontinuity also provides
a test ase for the invariane of the nonsequential dou-
ble ionization ross setion under variation of the pulse
shape. In addition to the 4 fs sin2 pulses used for most
results shown in this paper, we also used the following
pulse shapes: (i) a Gaussian pulse envelope and (ii) a
at-top pulse envelope with a sin2 ramp on for a quarter
of the pulse duration, onstant intensity for half the pulse
duration, and a sin2 ramp o for the last quarter of the
pulse. The durations of the Gaussian and at-top pulses
were hosen in suh a way that the FWHM of the spe-
tral distribution of the three pulse shapes was idential.
Although all three pulses have the same spetral width,
the distributions look dierent. Speially, the spe-
tral distribution of the at-top pulse ontains signiant
side lobes (ringing). In Fig. 9, we show that the results
obtained for the total ross setion are almost idential
with all three pulse shapes, apart from lose to the step
disontinuity at the threshold for sequential double ion-
ization. Note that Teff is dependent on the pulse shape
and has to be taken into aount properly.
We turn now to the TDCS at 42 eV, the quantity
most sensitive to the level of the underlying approxima-
tions. The present results show qualitative agreement
with some of the published data [26, 29℄, but there are
pronouned quantitative dierenes. While the promi-
nent bak-to-bak emission lobe (anti-)parallel to the
laser polarization diretion is well reprodued in most
alulations (Fig. 10), the angular distribution for less
favored emission diretions (e.g. θ1 = 90
◦
) diers signi-
antly from other alulations. One reason is the sensitiv-
ity to the partial-wave expansion. In ontrast to the total
ross setion, the TDCS needs a larger number of angu-
lar momentum ombinations (L, l1, l2) in the expansion of
the wave funtion to onverge. In order to resolve angular
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FIG. 10: Comparison of triply dierential ross setions (TDCS) at 42 eV photon energy. Our data are obtained from Eq. 15
(at E1 = 2.5 eV), with a 4 fs sin
2
laser pulse. In omparison, the results of Hu et al. [26℄ and Ivanov and Kheifets [29℄ are
shown. The vertial gray line shows the ejetion angle θ1 of the rst eletron. The angular momentum expansion used values
of Lmax = 4 and l1,max = l2,max = 9. The radial box had an extension of 400 a.u., with FEDVR elements of 4 a.u. and order 11.
orrelations, i.e., for the triply dierential ross setion
(TDCS), it is neessary to use relatively large expansions
in single eletron angular momenta. More speially,
good onvergene of the TDCS is only reahed for values
as high as l1,max= l2,max= 7 (f. Fig. 7), whih exeeds
the angular momentum ontent of most other alula-
tions. As disussed in setion III C, we have alternatively
determined the TDCS by diretly analyzing the angular
distribution of the wave paket for equal energy shar-
ing by a radial integral onstrained to equal radii. We
nd remarkably lose agreement with the Coulomb pro-
jetion method (Fig. 5). The residual small deviations
an be taken as an estimate for the unertainty of the
extration method of the TDCS by Coulomb projetion.
Ivanov and Kheifets [29℄ take orrelation in the -
nal states into aount using a onvergent lose-oupling
(CCC) method. While the magnitude of their results is
similar to those presented here, the shape diers onsid-
erably. In partiular, they nd signiant probability for
emission of both eletrons in the same diretion (θ1 = θ2),
where the mutual repulsion of the eletrons should be
strongest. In a very reent publiation, Foumouo et al.
[28℄ alulated the TDCS for equal energy sharing at
45 eV photon energy using two dierent methods. The
results obtained by projeting the nal wave funtion on
produts of Coulomb waves resemble ours (not shown
here for 45 eV, but the behavior is similar as for 42 eV).
However, when orrelation in the nal state is taken into
aount using a J-matrix method, the results are muh
larger in magnitude (as for the total ross setion, f.
Fig. 8) and display a shape reminisent of the one ob-
tained by Ivanov and Kheifets [29℄.
V. SUMMARY
We have determined well-onverged results for the to-
tal and triply dierential (generalized) ross setions for
nonsequential two-photon double ionization of helium.
The total ross setions agree reasonably well with a
number of reently published papers [26, 29, 32, 33℄, but
disagree with [30, 31℄. While the unorrelated results of
[27℄ t well with our data, the J-matrix results that a-
ount for orrelation, also presented in [27℄, are larger by
almost an order of magnitude. In our approah, the in-
lusion of orrelation in the nal double ontinuum states
is bypassed by waiting long enough after the end of the
pulse before performing the projetion onto unorrelated
nal states.
We have also presented approximate methods to ex-
trat both triply dierential ross setions (TDCS) and
total ross setions for nonsequential double ioniza-
tion diretly from the wave paket in oordinate spae,
thereby ompletely avoiding projetion onto unorrelated
13
nal states. We ahieve exellent agreement between
these omplementary methods providing thereby a mea-
sure for the reliability and auray of the alulated
ross setions.
Additionally, we have analyzed the pulse length depen-
dene of the ross setions. In most of the previous time-
dependent approahes ten-yle pulses have been em-
ployed for the generalized ross setions extrated from
the ionization yields. The resulting broad spetral width
of the short pulse then inuenes the form of the ross
setion. This beomes evident from our alulations with
onsiderably longer pulses. This is espeially true at pho-
ton energies above ∼ 50 eV near the threshold for sequen-
tial ionization (at 54.4 eV). Our own results for ten-yle
pulses, where these variations are smeared out, agree very
well with the unorrelated data from [27℄ and the results
from [26℄. We are also aware of a reent approah by
Guan et al. [49℄, who obtain similar values for ten-yle
pulses as well.
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